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SUMMARY

The numerical scheme upon which this paper is based is the 1D Crank—Nicolson linear finite element scheme.
In Part I of this series it was shown that for a certain range of incident wavelengths impinging on the interface
of an expansion in nodal spacing, an evanescent (or spatially damped) wave results in the downstream region.
Here in Part I an analysis is carried out to predict the wavelength and the spatial rate of damping for this
wave. The results of the analysis are verified quantitatively with seven ‘hot-start’ numerical experiments and
qualitatively with seven ‘cold-start’ experiments. Weare has shown that evanescent waves occur whenever the
frequency of a disturbance at a boundary exceeds the maximum frequency given by the dispersion relation. In
these circumstances the ‘extended dispersion’ relation can be used to determine the rate of spatial decay.

In the context of a domain consisting of two regions with different nodal spacings, the use of the group
velocity concept shows that evanescent waves have no energy flux associated with them when energy is
conserved.

KEY WORDS Fourier analysis Dispersion relation Reflected/transmitted evanescent waves
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1. INTRODUCTION

This series of papers is aimed at gaining a better fundamental understanding of the processes at
work when numerical schemes are applied to non-uniform meshes.

Parts I and II were mainly concerned with the resulting waves which occur when an incident
wave impinges on the interface of two regions with different nodal spacings.!* ? The transmitted
waves have real wave numbers. Under certain conditions of mesh expansion, however, it was
shown that the transmitted waves could have complex wave numbers which corresponded to
transmitted waves which were exponentially damped (or growing) in space. Such damped waves
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are the subject of the present paper. It is implicit that the term ‘damped’ in this work stands for
damped in space and not in time unless stated otherwise.

Throughout this work the subscripts 1 and 2 will refer to the upstream region 1 and the
downstream region 2 respectively.

2. COMPLEX WAVE NUMBERS

When one incident wave or two incident waves with complementary wave numbers impinge on
the interface between the two regions, it was shown in Part I, inequalities (22), that if the incident
wavelength (L,) was in the range

; R ek L — (1)
tan "' /3[H'+./(H*-1)]} "Ax, tan '{/3[H'—/(H*-1)]}

where H'=Ax,/Ax,, then the transmitted waves would have complex wave numbers (y,) which
can be calculated from the dispersion relation. The inequality (1) is presented in Figure 1.

The dispersion relation is central to the analysis and there are two ways of using it. The two
approaches are attributed to von Neumann and Weare and are schematized in Figure 2 using the
dispersion relation.

In a von Neumann type of analysis, the (possibly) complex wave frequency (w) is determined as a
function of a real wave number (o,). For fully centred numerical schemes the wave frequency is
always real. For non-centred schemes the wave frequency is complex and, depending upon the
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Figure 1. Effect of mesh size ratio (H’) on the domains of complex and real L, for the Crank—Nicolson linear finite element
scheme
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Figure 2. Temporal and spatial analyses using the dispersion relation ((a) and (b) respectively)

sign of the imaginary part, there will be either exponential growth or damping in time of the
Fourier component(s). This approach is the basis of the von Neumann stability analysis.

Weare? was the first to address the alternative analysis in which the (possibly complex) wave
number (o) is determined as a function of a real wave frequency (w,) for fully centred schemes.
Weare has also shown that a complex wave number corresponds to the exponential growth or
damping in space of a Fourier wave component which is generated at an oscillating boundary. The
applicability of the Weare analysis to the problem of mesh reflections can be seen if the interfacial
node is viewed as the oscillating upstream boundary for region 2, which generates the transmitted
wave also in region 2.
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2.1. ‘Extended’ dispersion relation

The dispersion relation for a numerical scheme is found from a von Neumann Fourier analysis.
For the Crank—Nicolson linear finite element scheme at Courant number €, the dispersion
relation for a sinusoidal wave travelling in the + x-direction with dimensionless wave number
y=0Ax is well known and is given by

wAt 1-5¢ siny
‘a“(‘z—>"m- @

In equation (2) it has only been necessary to consider waves with positive phase velocity (i.e. w > 0),
since it has already been shown in Part I' that no waves with negative phase velocity arise from
the analysis.

For a given ¢, the maximum wave frequency occurs at y=2n/3, ie.

OpaxAt=2tan"! (¢—\2/3 > (3)

By making recourse to the dispersion relation, it can be shown that when the frequency at an
oscillating boundary exceeds the maximum value in equation (3), the wave number becomes
complex. First we rearrange equation (2) to yield

tan(%}%m_z), @)

2 wAt

Examination of the discriminant in equation (4) shows that y will be complex whenever

R>1//3, ie.
tan(wTAt>>~¢$. 6)

where

Incorporating equation (3) into the inequality (6), it is evident that y is complex whenever w
exceeds w,,,,, and 7 is then given by

tan(z)zlii\/(l—3R2).

2 R

The above expression is not amenable to evaluating the real and imaginary parts of y because of
the tan( ) function on the left-hand side. A simpler approach when y is complex is to substitute
y=7,+1y, into the dispersion relation, equation (2

an (w_At ) _ L:5¢sin(y, +iy)

2 )7 2+cos(y,+iy)
ie.
_sin(y,+iy) _ siny,coshy,+icosy, sinhy, o
" 2+4cos(y,+iy;) 2+cosy, coshy,—isiny,sinhy;’
i.e.

R(2 + cosy, coshy,)—iR siny, sinhy,=siny, coshy,+1i cosy, sinhy,.
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This is a complex equation with two unknowns, y, and y,.
Equating the imaginary parts leads to

sinhy(cosy,+ R siny,) =0,

;=0 or tany,=—1/R,

and since y is complex, y;=0 can be discarded, leaving tany, = — 1/R.
Equating the real parts leads to

R(2 + cosy, coshy;) =siny, coshy,. (8)
Since tany, = — 1/R and by taking cognisance of the quadrant, it is found that
cosy, = —R 9
Y= (1 +R2)s ( )
) |
siny, = 0+RY)" (10)
Substituting equations (9) and (10) into (8) gives
coshy, = 2R (11)
NS A+ Ry
Therefore
. f -1 . - 2R
y=7v,+17,=tan 1<7)+lcosh ‘< (1+R2)>‘ (12)

Since the cosh( ) function is even, its inverse admits both a positive and a negative value. If the
solution of a dependent variable varies in time and space as

ilot — —_ pllwt—a,
cn(w ax)_cn(w GX)CCHX’

where g =0, +i0;, it is evident that the positive value of a; (or y,) corresponds to an exponentially
growing Fourier component in the + x-direction, while the negative value corresponds to an
exponentially damped wave in the + x-direction.

Equations (2) and (12) together are referred to as the ‘extended dispersion relation’ and have
been plotted for the Courant numbers ¢ =01, 1, 10, 50 in Figure 3. Equation (2) is the ordinary
dispersion relation, while equation (12) is its extension which permits the calculation of the real (a,)
and imaginary (6;) components of the wave number when w,,,, is exceeded at a boundary. Figure 3
shows the variation of the real and imaginary parts of the wave number with Courant number and
angular frequency, and how the extension to complex wave numbers (i.¢. short dashes in the figure)
fits in with the ordinary dispersion relation.

2.2. Calculation of the complex wave numbers in different regions

We now return to the situation in which the 1D domain consists of two regions 1 and 2 which
are physically identical (i.e. same depth and same fluid) but which are (computationally) discernible
only on the basis of having different nodal spacings (i.e. Ax, and Ax,).

In Section 2.1 it was shown that it is possible under certain operating conditions to get complex
wave numbers in either or both of the two regions. Attention is now focused on those situations
where the wave numbers are complex in just region 2.
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Figure 3. Extended dispersion relation for the Crank—Nicolson linear finite element scheme at Courant Numbers ¢ =0-1,
1-0, 10-0, 500 (left to right)

2.2.1. Solving for complex vy, in terms of real y,. In the case of a mesh expansion, it has been
shown in Section 3.3 of Part I that y, can be complex (=7, +iy;) and y, real. The situation is
depicted in Figures 4(a) and 4(b). In region 1 the complementary real wave numbers are denoted
by o4 and gy. In region 2 the two complex wave numbers correspond to waves which grow (i.e.
a.+iag;) or decay (i.e. g, —io;) exponentially with space away from the origin (see Figure 4(a)). The
dispersion relations for the two regions in Figure 4(b) show how the real components of the two
complex wave numbers are the same but the imaginary parts are equal but opposite in sign. The
incident waves A and B have real wave numbers since the wave frequency () is less than O pmax fOT
region 1. The wave numbers in region 2 are complex because w is greater than w

(%)

(from equation (3)). The two complex y, values will now be found in terms of real y,, which can
refer to either of the two complementary wave numbers in region 1, viz. y, =0 ,Ax, or y5=0gAx,
in Figure 4.

max
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Figure 4. The occurrence of complex wavenumbers due to a mesh expansion. (a) Waves present in the system for a mesh
expansion—the wavenumbers present in Region1 are real while those in Region 2 are complex conjugates. (b) Schematics
of the dispersion relation for Region 1 and the extended dispersion relation for Region 2 for A mesh expansion

From the dispersion relation for the two regions,
tan oAt 1:5¢siny; _1-5¢C,sin(y, +iy;)
2 ) 24cosy;  2+cos(y +iy)
where y, =y, +1y; and y, =2n/(L,/Ax,); ie.

_sin(y, +iy)
24 cos(y, +1iy;)’

2 wAt H'siny,
! <3¢2)an< 2 ) 2 +cosy, (13)
and H =Ax,/Ax;,.

The solution for y, is similar to that for equation (12) and is

. =1\ . _ 2R
Y2 =7, +1y;=tan 1(EI—)+1cosh ‘( (1+1R}))' (14)

The case in which cemplex y, is found in terms of real y, is of less interest than finding complex
y, in terms of real y,. This is because the incident wave is exponentially growing or damped in

1

where
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space. However, this is not to say that this situation is unlikely to be met in practice, because it may
well occur where a mesh expansion is followed by a mesh refinement.

It is the real part of the wave number which determines the wavelength(s) of the transmitted
wave(s). Since the real part of the transmitted wave number in equation (14) is the same
irrespective of the imaginary part, it is clear that the wavelengths of the growing and damped
transmitted waves are equal. (By combining the real part of equation (14) with the last part of
equation (13) for R,, it is possible to relate the wavelength in region 1 (L,=2n/y,) to the
wavelength in region 2 (L, =2r/y,)—see the dashed line in Figure 3 of Part I.) The inverse tan( )
function is multivalued, but only one of these values corresponds to a resolvable wavelength,
which must be greater than 2Ax,.

These points are best illustrated by an example. All the numerical experiments with a mesh
expansion had a mesh size ratio of H'=2. From inequality (1) this means that any incident waves
with wavelengths between 2:2166Ax; and 7-2301Ax,; would give rise to waves in region 2, which
had complex wave numbers. Consider a 4Ax, incident wave. From equation (14) the wave
numbers of any transmitted waves would be

=tan"! ——1 +icosh™! 2x1
2= 1 JI+17)
=3n/4, Tn/4, 117/4, 157/4 . . . +i(0-8814).

The real part of y, corresponds to wavelengths of (8/3)Ax,, (8/7)Ax,, (8/11)Ax,, (8/15)Ax, . . . and
only the first value is taken since it is the only resolvable wavelength. If the exponentially growing
wave is present it will amplify at the rate of exp(a;x) =exp(0-8814x/Ax,), and if the damped wave is
present it will decay at the rate of exp(—0-8814x/Ax,) in the positive x-direction. With this
information on complex wave numbers, it is now possible to solve for the wave amplitudes.

3. REFLECTION/TRANSMISSION ANALYSIS DUE TO A CHANGE IN MESH SIZE

The assumed wave configuration consists of two incident waves (4 and B) with real comp-
lementary wave numbers in region 1 and a single spatially damped, evanescent transmitted wave
(O) in region 2. The case with the damped wave was selected because it did not involve an
exponentially growing wave in region 2 and was therefore amenable to verification by numerical
experiments and, owing to the downstream boundary condition, is the more likely to occur. The
amplitude of the surface elevation at the interfacial node is again denoted by o.

The convention for labelling the two incident waves A and B is the same as was used in Part II,
i.e. wave A refers to the ‘long’ incident wave with a positive group velocity (i.e. L, >3Ax,) and
wave B refers to its ‘short’-wavelength complement (i.e. L;<3Ax;) which has a negative group
velocity.

In region 1, where x <0, the instantaneous surface elevation and velocity are given by

H(x, £) = Ae¥@~9a% | Beilwt=o8x) (15)
u(x, 1)=/g/h) nlx, 1) (16)
in region 2, where x>0, they are
n(x, t) = Ce'®@ ~oc®), (17)

u(x, t)=/(g/h) n(x, 1), (18)
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where 0, and oy are the real wave numbers of waves 4 and B, and o is the complex wavenumber
of evanescent wave C; and at the interfacial node, where x =0, they are

n(0, t) =™, (19)
u(0, t)=1/(g/h) n(0, 1). (20)

Application of the Crank—Nicolson linear finite element method centred about x=0 to the
momentum equation (see equation (29) of Part I) gives

Axl un+1_un +2 un+1__un +Aﬁ 5 un+l_un N un+1_un
6 At —1 At o 6 At o At 1

gfm—-n-+\""" gf{m—-n-,\"
gfh=-i-1 g a-1) _p,
+2< Ax ) +2( Ax ) @)

Substitution of equations (15)<20) into the appropriate terms in equation (21) yields

U fa—1N 1 { fi-1\ . 1.
- 1YA __ _ alYA . iYB ___ nivB
A[6¢1<1+1>e 4 :|+B[6¢1<l+l>e 4° ]
1/a—1\/1 1 1 a1\ . 1.
A e Cl ——( Z— )eirc4-eirc |=0, 22
+°‘[3(A+1)(¢1+¢2)+ <6¢2<A+1)e 3 } 22

iwA -
A=el, Ya=0aAX,, 7p=0pAX,, Yo=0cAX,.

where

Since equations (15), (17) and (19) must be compatible at x=0 for all times,
A+B=a=C. (23)

Also, since the angular frequency w is the same in both regions, we have from the dispersion
relation (equation (2))

}.—l_i 1-5€ siny, _; 1-5¢ sinyg i 1-5¢zsinyc> 24)

A+1 '\ 24cosy, 2+cosyg 2+cosyc /'
Insertion of equations (23) and (24) into (22) to eliminate o, C and 4 and then simplifying leads to

E,—Ec
B=A —— |, 25
l: —Eg+Ec ] ®)
where
142cosy, 1+2cosyg
= A E = 26
AT 24cosy, » P 24cosyp (26)
1+2cosyc

=— 27
€7 2+cosyc @7

Therefore from equations (23) and (25)«27) the solutions are

E,—E
B=A| 2ATZc | 28
[EA‘*'EC:I %)

E,
C=2A4 A 29
|:EA+Ec:| *)
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where y, is real,

—1 2R
—tan-! +icosh™1 A ) from equation (14)), 30
yc=tan <RA> icos < 1+ K (from equation (14)) (30)
A:%ZT‘; (from equation (13)). 3y

Thus for an incident wave A with a real amplitude, the second incident wave (B) has complex
amplitude but real wave number, and the transmitted evanescent wave (C) has complex amplitude
and complex wave number. (It will be evident from equation (34) that a complex wave amplitude
implies a phase lag or lead with respect to the incident wave.)

The modulus of the amplitude of the transmitted wave, |C|, resulting from a unit incident wave
(A =1)is given by equation (29) and is plotted as a finely dashed line in Figures 5-7 of Part I, where
IC| is equal to [t,]=]t,|.

4. ‘HOT-START NUMERICAL EXPERIMENTS

The numerical model used to check the analysis was based upon the linear shallow water
equations

ou 0n

e +g o 0, (32)
on . Ou

—+h—=0. 3
a " ox (33)

Seven numerical experiments were carried out with incident wavelengths for wave A varying
between 3-0Ax, and 7-23Ax,. This range was selected in order to give rise to a damped wave in
region 2 (see Section 3.3 of Part I), as well as having an incident wave (4) with a positive group
velocity. Both waves A and B are incident in terms of phase velocity but only wave 4 is incident in
terms of group velocity.

The initial conditions were as follows. In region 1 and at the interface (x <0),

n(x’ t) = Aei(ml—dAx) + IBlei argh ei((‘"‘aBX), (34)
u(x, 1y =n(x%, 1) \/(g/h), a5)
and in region 2 and at the interface (x>0),
n(x, t)=|Cle’ 218 gi@t~oc®
= |Clei 27¥€ gilt ~Re(oc)x] glm(ac)x )
s D=rtx. 1 /tafh (37)
where

A, o, were data and are real
B was defined by equation (28) and is complex
op=7g/AX, is real and was related to g, by the equation

tan(y,/2)tan(yg/2) =3 (38)
(see equation (20) of Part 1I)
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C is complex and was defined by equation (29)
oc=7c/Ax, is complex and was defined by equation (30)
Re() and Im() denote the real and imaginary parts.

Thus, once the details of wave A are known, equations (34)(37) could then be used to set up the
initial conditions. As for previous tests in Parts I and 11, the numerical model was run for some
duration starting with the initial conditions and output was obtained at two later times.

4.1. ‘Hot-start’ data used in the numerical experiments

A mesh size ratio of H' =2 was used in all seven tests. Tests 1-7 correspond to decreasing spatial
damping of wave C. The data are contained in Table L.

4.2. Results and conclusions from the ‘hot-start’ numerical experiments

The results for the seven tests are contained in Figures S5(a)-11(a). It is clear that in each case the
analysis matches the results from the numerical model since the differences between the two, which
are denoted by a small triangle, are all zero at all times.

From test 1 to test 7 the wavelength of wave A was progressively increased from 3-0Ax; to
7-23Ax,. In the first test the two incident waves both had a 3-0Ax, wavelength and were = radians
out of phase with each other, and therefore annihilated each other (see Figure 5(a)). In the second
test (see Figure 6(a)) wave A (which had a real amplitude) had its wavelength increased to 3-01Ax,,
while wave B (which had a complex amplitude) had its wavelength reduced to 2:99Ax,. When
these two waves were superimposed, there was only the slightest discernible disturbance at the
upstream end of region 2.

Figure 7(a) contains the results of the third test in which the presence of a spatially damped wave
in region 2 is easily noticeable. The wavelength of wave A was now 4-0Ax,. Figures 8(a)-11(a)
contain the results of tests 4-7 and the progression from a heavily damped wave in region 2 to a
very lightly damped wave is clear. The amount of spatial damping in wave C is dictated by the
term e™©0)* = gllm(c)/Ax2}x iy equation (36), where yc has been included in Table I below. It is seen
that the maximum damping occurred in test 1 and the least damping was present in test 7.

With the results of the analysis verified, a parallel series of tests was undertaken, but this time a
‘cold-start’ was used.

5. ‘COLD-START NUMERICAL EXPERIMENTS

In the ‘cold-start’ numerical experiments the initial conditions were specified by equations (34) and
(35) for x<0. For x>0 both the surface elevation and the velocity were set to zero. The
Crank-Nicolson linear finite element model was used to predict the water levels and velocities at
subsequent times. The data for the initial conditions which were used in the ‘cold-start’ tests will
not be listed separately since they are already contained in Table I for the previous set of tests, with
the only difference being that the complex wave amplitudes B and C were set to zero. The only
" wave data required were the wave amplitude (4 =1) and the wavelength (L,).

5.1. Results and conclusions of the ‘cold-start’ numerical experiments

The output from the seven ‘cold-start’ experiments is displayed in Figures 5(b}-11(b) below the
corresponding ‘hot’ start tests of Section 4. In Figure 5(b) it is evident that in spite of a positive
phase velocity, the incident 3Ax, waves in region 1 have been unable to penetrate region 2. A small
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TIME= 200 DT
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EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 5(a). Hot start numerical experiment --waves present: incident waves A (3-0000Ax,) and B (3-0000Ax,)

IiME- 0 0T

TINE: 600 0T

TIME=1200 OF

JEST CONDITIONS » OT= 0.2 5! , CELERITY= 1 .00 M/S! , MEAN DEPTH-1/9.81 (M) CONSISTENT MASS  LINEAR ELEMENTS

v DENOTES THE RESIUUAL = NUMERICAL SOLUTION FROM MOOEL - NUMERICAL PREDICTION FROM ANALYSIS

LHS PEGION « DX= 1.0 (M) , COURANT NO.=0.20, L/Ox= 3.0000, REFLECTION CUEFFICIENT=( 0.00000E00 , 0.00000EQO 1}
RHS REGION . 0X= 2.0 M) , COURANT NO.=0.10, L/DX= 2.5879, TRANSMISSION COEFFICIENT=( 0.00000ECC , 0.00000EQO )

L/DX= 2.5B87%, TRANSMISSION COEFFICIENT=( 0,00000E00 , 0.00000E00 )

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 5(b). Cold start numerical experiment witn initially only the incident waves A (3-0000Ax,) present
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JEST CONDITIONS + DT=0.2 () , CELERITY=1.00 ™/S) , MEAN DEPTH=1/9.81 M CONSISTENT MASS  LINEAR ELEMENTS
v DENDTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS
LHS REGION + OX= 1.0 - (M) , COURANT NO.= 0.20, L/DX= 3.0100, REL. VAVE AMP, A= 1.0000 O #DX= 2.0874
L/0X= 2,9901, REL. WAVE AMP, B= ( -1.0000 , -0.0093 ) , 0«OX= 2,1013
RHS REGION 4 DX- 2.0 (M} , COURANT NO.-0.10, L/DX~ 2.5880, REL. VAVE AMP, C- { 0.0000 , -0.0093 ) , Q«DX= ( 2,4279 . -0.9729
L/DX= 2.58B80, REL. VAVE AMP, Da ( 0.0000 , 0.0000 } , gwDX= ( 2.4279, 0.9729)

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 6(a). Hot start numerical experiment—waves present: incident waves A (3:0100Ax,) and B (29901Ax,), and
damped transmitted wave C

TIME= O DT '

LI,

TIME= 600 OT

S aanae S S SEFE VT RURN VRS S S Y ST S SN cga, R U

TIME=1200 OT

SPT S TORS SANP

B L L L L e S

-

TEST CONDITIONS » OT= 0.2 (S) , CELERITY=1.00 /S , MEAN DEPTH=1/9.81 (M) CONSISTENT MASS ~ LINEAR ELEMENTS
@ DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREOICTION FROM ANALYSIS

LHS REGION + DX= 1.0 (M , COURANT NO.=0.20, L/DX= 3.0100, REFLECTION COEFFICIENT=( 0.00000600 , 0.00000ECO

RHS REGION « BX= 2.0 (M} , COURANT NO.=0.10, L/DX= 2,5880, TRANSMISSION COEFFICIENI=( ©0.00000ECO , O.G0000E0Q )

L/DX= 2.5880, TRANSMISSION COEFFICIENT=( 0.00D00E00 , 0.00DOOECO )

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 6(b). Cold start numerical experiment with initially only the incident waves A (3-0000Ax,) present
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TINE. 0 0T :
,
)

TEST CONDITIONS + DT= 0.2 (S) , CELERITY=1.00 (M/S) , MEAN DEPTH=1/9.81 ™) CONSISTENT MASS  LINEAR ELEMENTS
v DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS
LHS REGION + DX= 1,0 (9 , COURANT NO.= 0,20, L/DX= 4.0000, REL. VAVE AMP, A= 1.0000 0 =DX= 1.5708
L/DXs 2.5152, REL. VAVE AMP, B= ( -0.7778 , -0.6285! , OxDX=  2.498!
RHS PEGION + OXa 2.0 (M , COURANT NO.= 0,10, L/DX- 2,6667, REL. VAVE AMP, C» ( 0.2222 , -0.6285) , OwDX« ¢ 2.3562 , -0.8814)
L/0X= 2.6667, REL. VAVE AMP, D= ( 0.0000 , 0.0000 ) , owOX= ( 2.3562, 0.8814)

EXPERIMENTS FOR WAVE REFLECTIONS OUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 7(a). Hot start numerical experiment—waves present: incident waves A (4-0000Ax,) and B (2:5152Ax,), and
damped transmitted wave C

TIME= O OT

¥
.
v
.
)
]

TEST CONDITIONS « OT= 0.2 () , CELERITY=1.00 (M/S) , MEAN OEPTH=1/9.81 () CONSISTENT MASS  LINEAR ELEMENTS

« DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS
LHS REGION + DX= V.0 M) , COURANT NG.=0,20, L/DX= 4.0000, REFLECTION COEFFICIENT=( 0.00D00E00 , 0.00000E00 )
RHS REGION 1 DX= 2.0 M) , COURANT N0.=0.10, L/DXs 2.6667, TRANSMISSION COEFFICIENT=( 0.00000E00 , 0.00000E00 )
L/DX= 2.6667, TRANSMISSION COEFFICIENT=( 0.00000E00 , 0.00000EQO )

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 7(b). Cold start numerical experiment with initially only the incident waves A (4-0000Ax,) present
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TINE= O DT :

TINE= 100 OT

TIME= 200 DT
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TEST CONDITIONS » DT= 0.2 (S) , CELERITY=1.00 (M/S) , MEAN DEPTH=1/9.8t ™ CONSISTENT MASS  LINEAR ELEMENTS
v DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS

LHS REGION « DX= 1.0 (M} , COURANT NO.= 0.20, L/OX= 7.0000, REL. VAVE AMP, A= 1.0000 O DX« 0.8976
L/0X= 2.2255, REL. WAVE AMP, B= ( 0.8355 , -0.5495) , Os=DX= 2.823%
RHS REGION + DX- 2.0 (M) , COURANT NG.- 0.10, L/OX- 2.9802, REL. VAVE AMP, C- { 11,8355 , -0.5495) , oxDX=- ( 2,1083, -0.2185)

L/0X= 2.9802, REL. VAVYE AMP, D= t 0.0000 , 0.0000 1 , o«DX= ¢ 2.1083 , 0.2185 )

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 8(a). Hot start numerical experiment—waves present: incident waves A (7-0000Ax,) and B (2:2255Ax,), and
damped transmitted wave C

TIHE« 0 OT

d
i
|
|
'
'
'
1
'

TEST CONDITIONS « OT= 0.2 (S} , CELERITY=1.00 /9 , NEAN OEPTH=1/9.81 (M) CONSISTENT MASS  LINEAR ELEMENTS
v DENQTES THE RESIDUAL = NUMERICAL SOLUTION FROM:MODEL - NUMERICAL PRECICTION FROM ANALYSIS

LHS REGION « OX= 1.0 M) , COURANT NO.=0.20, L/DX= 7.0000,  REFLECTION COEFFICIENT=( 0.00000ECO , 0.00000E0Q )

RHS REGION . Dx= 2,0 ™ , COURANT NO.=0.10, L/DX= 2.9802, TRANSMISSION COEFFICIENT=( 0.00000E00 , 0.00000EQO

L/DX= 2.9802, TRANSMISSION COEFFICIENT=( 0.0C000ECO , 0.0G000EQO !}

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 8(b). Cold start numerical experiment with initially only the incident waves A (7-0000Ax,) present
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TIME= 0 OT

TIME= 200 DT

TEST CONOITIONS + OT= 0.2 (S) , CELERITY=1.00 (M/S) , MEAN DEPTH=1/9.81 M) CONSISTENT MASS  LINEAR ELEMENTS
¢ DENOTES THE RESIOUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS

LHS REGION + DX= 1.0 ) , COURANT NO.= 0,20, L/DX= 7,2201, REL. VAVE AMP, A= 1.0000 O «0X= 0.8702
L/DX= 2,2170 ,REL, VAVE AMP, Be ( 0.9928 , -0.1200) , OeDX= 2.8542
RHS REGION + DX= 2.0 (M) , COURANT NO.= 0.10, L/DX= 2,9992, REL. VAVE AMP, C= ( 11,9928 , -0.1200 ) , o=DXe ( 2.0950 , -0.0451)

L/0%= 2.9992 ,REL. VAVE AMP, Du ( 0.0000 , 0.0000 ) , osDXe ( 2.0950 , 0.0451)

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 9(a). Hot start numerical experiment—waves present: incident waves A (7-2201Ax,) and B (2-2170Ax,), and
damped transmitted wave C

TIME= 0 DT :
—_—— ]
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1
1
1
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1
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Y g

JEST CONDITIONS » OT= 0.2 (5} , CELERITY=1.00 (M/S) , MEAN DEPTH=1/9.81 (M) CONSISTENT MASS  LINEAR ELEMENTS
v DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS

|LHS REGION « DX= 1.0 ™) , COURANT NO.=0.20, L/DX= 7,2201,  REFLECTION COEFFICIENT=( 0.00000E00 , 0.00000EQQ }

RHS REGION : DX= 2.0 (M) , COURANT NO.=0.10, L/DX= 2,9992, TRANSMISSION COEFFICIENT=( 0.00000EOG , 0.00000E00 )

L/DX= 2.9992, TRANSMISSION COEFFICIENT=( 0.00000E00 , 0.00000EQQ )

EXPERIMENTS FOR WAVE REFLECTIONS DUE -TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 9(b). Cold start numerical experiment with initially only the incident waves A (7-2201Ax,) present



INTERNAL WAVE REFLECTIONS/TRANSMISSIONS. IiI 849

TIME= 0 OT '

TIME= 100 07

TiME= 200 0T

TEST CONDITIONS « DT=0.2 (S) , CELERITY=1.00 M/S} , MEAN QEPTH=1/9.81 (M CONSISTENT MASS  LINEAR ELEMENTS
v DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS

LHS REGION « OX= 1.0 (M , COURANT NO.= 0.20, L/DX= 7.2280, REL. WAVE AMP, A= 1.0000 a =0X= 0.8693
L/DX= 2,2187, REL. WAVE AMP, B= ( 0.9985 , -0.0548 ) , O=xDX= 2.8345
RHS REGION + DX~ 2.0 (M) , COURANT NO.= 0.10, L/DX~ 2.9998, REL. VAVE AMP, C= [ 1.9985 , -0.0546) , o»0X- ( 2.0945, -0.0205)

L/DX= 2.9998, REL. WAVE AMP, D= ( 0.0000 , 0.0000 ! , owDX= { 2.0945, 0.0205:

LEXPERIMENTS FOR WAVE REFLECTIONS OUE TG A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 10(a). Hot start numerical experiment—waves present: incident waves A (7-2280Ax,) and B (2:2167Ax,), and
damped transmitted wave C

TIME= 0 0T ;
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1
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1

TEST CONDITIONS » OT= 0.2 (S , CELERITY=1.00 M/S) , MEAN DEPTH=1/9.81 M) CONSISTENT MASS  LINEAR ELEMENTS
. o DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS
LHS REGION « Dx= },0 ®™) , COURANT NO.=0,20, L/OX= 7.2280,  REFLECTION COEFFICIENT=( 0.00000EOO , 0.00DO0EOD
RH3 REGION « Ox= 2.0 M) , COURANT NO.=0.10, L/DX= 2.2167, TRANSMISSION COEFFICIENT=( 0.00000EQC , 0.00Q00ECC
L/DX= 2.2167, TRANSMISSION COEFFICIENT={ 0.00D0CEDO , ©.00000EQC

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 10(b). Cold start numerical experiment with initially only the incident waves A (7-72280Ax,) present
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TEST CONDITIONS « OT= 0.2 (51 , CELERITY=1.00 */S) , NEAN OEPTH=1/9.81 (M) CONSISTENT MASS  LINEAR ELEMENTS
» DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MOOEL - NUMERICAL PREOICTION FROM ANALYSIS
LHS REGION + DX= 1.0 (% , COURANT NO.= 0.20, L/DX= 7.2300, REL. VAVE AWP, A=  1.0000 oxDX=  0.8690
L/DXs 2.2166, REL. VAVE AP, B= { 1.0000 , -0.0086 ) , OaDX=  2,8346
RHS REGION + OX= 2.0 (M} , COURANT NO.< 0,10, L/OX~ 3.0000, REL. VAVE AMP, C- { 2.0000 , -0.0086 ) , oxDX- ( 2,094, -0.0032)
L/0%= 3.0000, REL. VAVE AP, D= ( 0.0000 , 0.0000) , omDX= ( 2.0944, 0.0032)

EXPERIMENTS FOR WAVE REFLECTIONS DUE TO A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 11(a). Hot start numerical experiment—waves present: incident waves A (7-2300Ax,) and B (2:2166Ax,), and
damped transmitted wave C

TIME= O OT

TIME= 600 OT

TEST CONDITIONS + Of= 0.2 (5) , CELERITY=1.00 M/S) , MEAN DEPTH=1/9.81 ) CONSISTENT MASS  LINEAR ELEMENTS
v DENOTES THE RESIDUAL = NUMERICAL SOLUTION FROM MODEL - NUMERICAL PREDICTION FROM ANALYSIS
LHS REGION » Dx= 1.0 {9 , COURANT NO.=0.20, L/DX= 7.2300,  REFLECTION COEFFICIENT=( 0.00000E00 , 0.00000ECO )
RHS REGION + DX= 2.0 M) , COURANT ND.=0.10, L/OX= 2.2166, TRANSMISSION COEFFICIENT=( 0.00000600 , 0.00000EQQ !
L/OX= 2.2166, TRANSMISSION COEFFICIENT=( 0.00000E00 , 0.00000£00 )

EXPERIMENTS FOR WAVE REFLECTIONS DUE 7O A CHANGE IN MESH SIZE FOR THE SHALLOW WATER EQUATIONS

Figure 11(b). Cold start numerical experiment with initially only the incident waves A (7-2300Ax,) present
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Table I. Test data for the numerical experiments with an evanescent trans-
mitted wave (C)

Test 1

L,/Ax, =3-0000
Lg/Ax, =3-0000
R(L¢/Ax,)=2-5879
Ye=24279—1(0-9730)
A=1

B=—1+0i

C=0+0i

(see Figure 5(a))

Test 3

LA/Ax, =4-0000
Lg/Ax,=2-5152
R(L/Ax;)=2-6667
Yc=23562—i(0-8814)
A=1

B=—0-7778 —1(0-6285)
C=0-2222—-i(0-6285)
(see Figure 7(a))

Test 5
L,/Ax,=72201
Lg/Ax,=2-2170
R(L¢/Ax,)=2-9992
Yo =2-0950—i(0-0451)
A=1

B=09928 —i(0-1200)
C=19928 —i(0-1200)
(see Figure 9(a))

Test 7
L,/Ax,=7-2300
Lg/Ax, =2-2166
R(Lc/Ax,)=3-0000
yc=20944 —i(0-0032)
A=1

B=1-i(0-0086)
C=2-1(0-0086)

(see Figure 11(a))

Test 2
L./Ax,=30100
Lp/Ax,=29901
R(Lc/Ax,)=2-5880
yo=2-4279—i(0-9729)
A=1
B=—1-00093i
C=0-0-0093i

(see Figure 6(a))

Test 4

L,/Ax, =7-0000
Lg/Ax, =2-2255
R(Lc/Ax,)=2-9802
yc=2-1083—i(0-2185)
A=1
B=0-8355—i(0-5495)
C=1-8355—1i(0-5495)
(see Figure 8(a))

Test 6
L./Ax,=72280
Ly/Ax,=2-2167
R(Lo/Ax,)=29998
yc=20945 —i(0-0205)
A=1
B=09985—1(0-0546)
C=1-9985 —1(0-0546)
(see Figure 10(a))

amount of energy has leaked into the downstream region after 600At and 1200A¢, but this is due to
the fact that there are other Fourier components present in the initial set-up. These other
components are due to the wave packet being semi-infinite.

With only a slight increase in incident wavelength to 3-01Ax;, for the second test (see Figure 6(b))
there is little change in the results.

In the third test (see Figure 7(b)) a small but persistent damped wave is visible in region 2, even
after some energy has leaked through the interface, which is to be seen after 600At as a long low-
amplitude wave packet. The similarity between the ‘hot’- and ‘cold’-start tests is clear from a
comparison of Figures 7(a) and 7(b).

Figures 8(b)-11(b) contain the results of the remaining ‘cold-start’ tests. After 1200At the
resulting waveforms bear a reasonable resemblance to those in the ‘hot-start’ tests. If these tests
could have been run for a longer duration, it is likely that the similarity in the waveforms between
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the two sets of tests would have become more marked. The reason that the last few tests require a
longer run time is that the wavelength in region 2 is close to a 3-0Ax, wave, which is characterized
by a zero group velocity and therefore requires a longer time to establish itself.

6. ENERGY FLUX BALANCE

In Section 3 the complex wave amplitudes B and C were calculated in terms of the incident wave
amplitude A. If wave 4 has unit amplitude, then B and C are given by

=EA—EC 28)
E +ES’
_ 2E, ’ (29)
E,+E¢
where
14+ 2cosy,
=, 26
AT 24cosy, 26)
14 2cos
C:—’E‘s (27)
24cosyc
—1 2R
=tan"!'| — }+icosh™! V—L X 30
ye=tan (RA> 1C0S ( (1+Ri)> (30)
H'siny,
= 3t
AT 2+4cosy, G1)

Since y. is complex, B and C will also be complex. This indicates the existence of a phase shift in
waves B and C with respect to the incident wave 4. The energy flux is given by the product of
energy density and group velocity (see equations (50) and (51) of Part I) and for wave A this is
given by

242
pccA 1+2cosy
Eflux A= l: W— (2 + COS'))A) J |: 3c COSZ((DAI) (2—+(—_‘,—OTA)A2 }
3 12
:(%) 12 cos*(wAl) E,. (39)

Similarly for wave B,

Enwe n=( 255 ) IBI? cos?(wAt) E
flox B=| 53 |B|* cos“(wAt) Eg

_ pc’ B2 cos?
=| 557 ||BI” cos(@Ar)(—E,), (40)
where equation (26) has been used.

A comparison of equations (39) and (40) shows that the energy fluxes associated with waves A
and B are equal and opposite if |B|=1, and this will now be proven.

In equation (28), since E, is real and Ec=a-1b (say) is complex, B can be expressed as

_Es—(a+ib)

“E t@tib) (41)



INTERNAL WAVE REFLECTIONS/TRANSMISSIONS. 111 853

If|B|=1 in equation (41), then E, and/or ‘a’ equals zero. Since E, is not generally zero, then a=0
and this implies that E. would be purely imaginary. The truth of this can now be checked.
Letting yo=y,+1iy;, then
_1+2cosy; 1+2(cosy, coshy;+isiny, sinhy,)

Ec= =— =
€ 2+cosy, 2+4cosy, ceshy,+isin 7, sinhy, “42)

Inserting equations (9)}(11) into equation (42) and simplifying gives
Ec=i/(3R?-1),

2 wAt
R=<-ﬁ2—>tan<7)

Since E is purely imaginary, |B|=1 and the energy fluxes due to waves A and B are equal and
opposite. This means that if the energy fluxes balance across the interface, then the spatially
damped wave C has zero energy flux associated with it.

where

7. GENERAL CONCLUSIONS

It has been demonstrated by analysis and experiment that if an incident wave (4) which has a
wavelength in the range

30 L, n
“Ax, “tan {J3[H = JHT-D)

impinges on the interface of a mesh expansion, then an evanescent wave (C) will result in the
downstream region. This wave is characterized by a complex wave number as well as a complex
amplitude. The third wave present in the system is a short-wavelength wave (B) in the upstream
region, which is incident in terms of phase but reflected in terms of energy (since it has a negative
group velocity). This wave has a real wave number but a complex amplitude. The two incident
waves in region 1 have complementary wave numbers which are related by equation (38). The
energy flux balance is maintained between the two waves A and B in region 1. If energy is
conserved across the interface, the damped wave C in region 2 does not transmit energy.

ACKNOWLEDGEMENTS

The work which has been detailed in Parts I, Il and 111 was supported partly by the Consortium of
North West Universities for Marine Technology, England and the Science and Enginecring
Research Council. Both organizations are gratefully acknowledged together with Dr. Brian
Worthington (formerly of Hydraulics Research Pty. Ltd.) for some very helpful discussions, Lynne
Hatcher for her excellent typing and the reviewer of these three papers.

REFERENCES

1. B.Cathers, S. Bates and B. A. O'Connor, ‘Internal wave reflections and transmissions arising from a non-uniform mesh.
Part I: An analysis for the Crank-Nicolson linear finite element scheme’, Int. j. numer. methods fluids, 9, 783-810(1989).

2. B. Cathers, S. Bates, R. Penoyre and B. A. O'Connor, ‘Internal wave reflections and transmissions arising from a non-
uniform mesh. Part II: A generalized analysis for the Crank-Nicolson linear finite element scheme’, Int. j. numer.
methods fluids, 9, 811-832 (1989).

3. T.J. Weare, ‘Damping in “un-damped” finite difference representations’, J. Inst. Math. Appl. 23, 89-96 (1979).



